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Abstract
We determine the weight enumerators for which there is a binary extremal self-dual [42,21,8] code.
In particular, the number β of the vectors of weight 5 in the shadow satisfies β ∈ {0,1, . . . ,22,24,26,28,
32,42}. We also give a classification of extremal self-dual [42,21,8] codes with β ∈ {24,26,28,32,42}.
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1. Introduction
Let C be a binary singly even self-dual code and let C0 denote the subcode of codewords
having weight ≡ 0 (mod 4). Then C0 is a subcode of codimension 1. The shadow S of C is
defined to be C⊥0 \ C. Shadows for self-dual codes were introduced by Conway and Sloane [7]
in order to derive new upper bounds for the minimum weight of singly even self-dual codes, and
to provide restrictions on the weight enumerators of singly even self-dual codes. Using shadows,
the largest possible minimum weights of singly even self-dual codes of lengths up to 72 are
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even self-dual code of length n is bounded by d  4[n/24] + 4, unless n ≡ 22 (mod 24) when
d  4[n/24] + 6 or n ≡ 0 (mod 24) when d  4[n/24] + 2. We call a singly even self-dual
code meeting this upper bound extremal. Note that for some lengths, for example, length 34,
no extremal singly even self-dual code exists. According to [11], a singly even self-dual code is
called optimal if it has the largest minimum weight among all singly even self-dual codes of that
length. An extremal singly even self-dual code is automatically optimal if it exists.
The weight enumerators for which there is an optimal singly even self-dual code are com-
pletely known for lengths up to 38 (cf. [11]). Recently some restrictions on the number of vectors
of weight d/2 in the shadow of a singly even self-dual [n,n/2, d] code were given in [10].
As a consequence, the weight enumerators for which there is an extremal singly even self-dual
[40,20,8] code were determined. Therefore the weight enumerators for which there is an optimal
singly even self-dual code are completely known for lengths up to 40.
An extremal self-dual [42,21,8] code C and its shadow S have the following weight enumer-
ators WC , WS , respectively,
{
WC = 1 + (84 + 8β)y8 + (1449 − 24β)y10 + (10 640 − 16β)y12 + · · · ,
WS = βy5 + (896 − 8β)y9 + · · · ,
(1)
{
WC = 1 + 164y8 + 697y10 + 15 088y12 + · · · ,
WS = y + 861y9 + · · · ,
(2)
where β is a nonnegative integer [7].
Our aim is to prove the following theorems.
Theorem A. An extremal self-dual [42,21,8] code with weight enumerator WC given by (1)
exists if and only if β ∈ {0,1, . . . ,22,24,26,28,32,42}.
Remark 1.1. An extremal self-dual [42,21,8] code with weight enumerator WC given by (2)
is also known (cf. [11]). Hence the weight enumerators for which there is an extremal self-dual
[42,21,8] code are completely determined.
Theorem B. If C is an extremal self-dual [42,21,8] code with weight enumerator WC given
by (1) and β ∈ {24,26,28,32,42}, then C is equivalent to one of the eight codes given in Table 1.
Table 1
Extremal self-dual [42,21,8] codes for β  24
Codes C β |Aut(C)| {(n1,m1), (n3,m3)}
C24,1 24 6912 {(21,12), (19,12)}
C24,2 24 15 552 {(21,12), (21,12)}
C24,3 24 18 432 {(19,12), (19,12)}
C26,1 26 36 864 {(21,13), (21,13)}
C26,2 26 73 728 {(21,13), (21,13)}
C28 28 552 960 {(20,16), (19,12)}
C32 32 7 372 800 {(20,16), (20,16)}
C42 42 4 877 107 200 {(21,21), (21,21)}
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Generator matrices
Codes C Rows of M(C)
C24,1 6146661, 5736503, 7737202, 6430365, 4211150, 5551464, 7237731,
3650651, 0330362, 2747453, 0477202, 3161235, 1056030, 0017160,
0004566, 0003266, 0003525, 0004715, 0003613, 0005323, 0001770
C24,2 5323336, 5345262, 6620225, 6564536, 7747675, 7124543, 4541571,
3745217, 2364766, 1046121, 3106154, 0527675, 0720075, 0015152,
0014455, 0017244, 0015630, 0010713, 0015767, 0016107, 0001473
C24,3 5671706, 6301157, 5131150, 7017454, 4700534, 6477202, 7721463,
3327453, 2576661, 1540362, 0267205, 3611150, 0040533, 0057731,
0004566, 0003266, 0003525, 0004715, 0003613, 0005323, 0001770
C26,1 5356576, 5342646, 6654330, 6557257, 7720000, 7100253, 4537004,
3763167, 2323112, 1034345, 3163341, 0557071, 0720075, 0011721,
0005313, 0007767, 0004535, 0007416, 0004276, 0002157, 0001655
C26,2 5341507, 5342646, 6643341, 6554330, 7720000, 7102415, 4536725,
3777071, 2337004, 1023334, 3175411, 0556750, 0720075, 0011721,
0005313, 0007767, 0004535, 0007416, 0004276, 0002157, 0001655
C28 5606037, 6301464, 5137736, 7070362, 4770365, 6457736, 7767454,
3346030, 2526037, 1541464, 0277731, 3621463, 0010533, 0017205,
0004566, 0003266, 0003525, 0004715, 0003613, 0005323, 0001770
C32 5342472, 5343151, 6641523, 6551270, 7720000, 7111523, 4520753,
3770753, 2320744, 1031534, 3171267, 0550744, 0730017, 0005471,
0006554, 0007252, 0005117, 0007426, 0006163, 0004725, 0003760
C42 7317314, 4654652, 5035031, 5702325, 2746577, 1364652, 0572325,
7161663, 3477314, 6524652, 3252325, 6631663, 0007425, 0004237,
0005532, 0002655, 0006703, 0004764, 0002372, 0001175, 0007053
Table 1 contains the values β in the weight enumerators WC given by (1) and the orders
|Aut(C)| of the automorphism groups of the eight codes C. The parameters {(n1,m1), (n3,m3)}
are also given in the table (see Section 2 for the definitions of these parameters).
All codes in Table 1 can be constructed using an automorphism of order 3 [4]. In Table 2,
we give generator matrices for all codes in Table 1 for the sake of completeness. In order to
save space, we list the rows of M(C) in octal using 0 = (000), 1 = (001), . . . , 6 = (110) and
7 = (111), where (I,M(C)) is a generator matrix in standard form for C. The code C28 is
equivalent to the code C423 in [2]. However, the generator matrix of C423 given in [2, p. 7] is
incorrect. We give the correct one in Appendix A. The code C32 is equivalent to the code with
generator matrix H4 in [1, p. 1610]. The code C42 is equivalent to the extended cyclic self-dual
[42,21,8] code whose generator polynomial is given in [7, p. 1325]. Codes with β = 24 and 26
are found in [3, Table V]. We have verified that these codes are equivalent to C24,2 and C26,2,
respectively.
2. Preliminaries
The following lemma is a special case of Theorems 1.51 and 1.52 in [6]. We give an ele-
mentary proof of the second part of the lemma for the sake of completeness, as no proof of
Theorem 1.52 is given in [6] (but see also [8, Theorem 5.21]).
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weight k + 1 and distance 2k. Then |B|m. Equality holds if and only if B forms a projective
plane of order k.
Proof. The bound follows from Theorem 1.51 in [6]. Equality holds if B forms a projective
plane of order k. Conversely, suppose that m = |B|. Let M be the m × m matrix whose rows
are the codewords of B, regarded as elements of Zm. We aim to show that M is a block-point
incidence matrix of a projective plane of order k. By the assumption, we have
MMT = kI + J (3)
and
MJ = (k + 1)J, (4)
where I is the identity matrix and J is the all-one matrix of order m. Since M is non-singular,
(3) and (4) imply
JM = J (kI + J )(MT )−1
= (k + m)(M−1J )T
= k + m
k + 1 J.
Thus JMJ = k+m
k+1 mJ . By (4) we find m = k2 + k + 1, and hence
JM = (k + 1)J. (5)
By (3) and (5), M is a block-point incidence matrix of the dual of a projective plane of order k.
Since the dual of a projective plane is also a projective plane of the same order, M is a block-point
incidence matrix of a projective plane of order k. 
Lemma 2.2. [13, Theorem 2] Let C be a self-dual [n,n/2] code with n/2 × n generator matrix
G =
(
G11 O
O G22
G31 G32
)
(6)
where (G11 O) (respectively (O G22)) is a generator matrix of the largest subcode of C
whose support is contained entirely in the left n1 (respectively right n2) coordinates, with n =
n1 + n2. Then rankG22 = n2 + rankG11 − n1.
Lemma 2.3. With the notation of Lemma 2.2, let C be an extremal self-dual [42,21,8] code,
and assume 17  ni  25, rankGii  5 for i = 1,2. Then max{ni − 16,5}  rankGii 
min{ni − 12,9} for i = 1,2.
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n 25 (see [5]), we have ki  ni − 12. Moreover, we have
n2 − 16 n2 + k1 − 21
= 21 + k1 − n1
 21 − 12
= 9.
Since 21+k1 −n1 = k2 by Lemma 2.2, we have n2 −16 k2  9. Similarly, we obtain n1 −16
k1  9. 
Let C be an extremal self-dual [42,21,8] code. Let C0 be its doubly even subcode, S its
shadow. There are cosets C1,C2,C3 of C0 such that C⊥0 = C0 ∪C1 ∪C2 ∪C3 where C = C0 ∪C2
and S = C1 ∪ C3. We note that C2 = C0 + j where j is the all-one vector. Table 3 gives the
orthogonality relations among Ci ’s where the symbol ⊥ (respectively ⊥) in position (i, j) means
that x ·y = 0 (respectively x ·y = 1) for any vector x ∈ Ci and any vector y ∈ Cj (cf. [13, p. 153]).
We now consider the generalized MacWilliams identities [15]. Assume that C has weight
enumerator WC given by (1) where β > 0. Let w be a vector of weight 5 in C1 ∪ C3. Then we
calculate the split weight distribution Ai,j , i = 0, . . . ,5, j = 0, . . . ,37, of C with respect to the
partition defined by the support of w:
Ai,j =
∣∣{v ∈ C ∣∣wt(w ∗ v) = i, wt(v) = i + j}∣∣,
where wt(v) denotes the weight of v and wt(w ∗ v) denotes the number of common 1’s in both
w and v. By Table 3, w · v = 0 for all v ∈ C0 and w · v = 1 for all v ∈ C2. Hence we have that
Ai,j = 0 in the following cases:
(a) i is odd, i + j ≡ 0 (mod 4);
(b) i is even, i + j ≡ 2 (mod 4);
(c) i + j is odd;
(d) 0 < i + j < 8.
As Ai,j = A5−i,37−j , we have 21 unknowns for the corresponding generalized MacWilliams
identities [15]. The result is shown in Table 4.
Denote the set of all vectors in Ci of weight 5 by Bi , and denote its cardinality by mi , for
i = 1,3. If v,w ∈ S with v = w, wt(v) = wt(w) = 5, then wt(v + w) = 10 − 2 wt(v ∗ w)  8
and hence wt(v ∗ w) = 0 or 1.
Table 3
Orthogonality relations
C0 C1 C2 C3
C0 ⊥ ⊥ ⊥ ⊥
C1 ⊥ ⊥ ⊥ ⊥
C2 ⊥ ⊥ ⊥ ⊥
C3 ⊥ ⊥ ⊥ ⊥
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Split weight distribution of C
A0,8 3x A1,9 9β − 19x + 1562 A2,6 9β − 4x + 102
A0,12 −18β + 2x + 3564 A1,13 4β + 46x + 33 072 A2,10 −42β + 32x + 6084
A0,16 74β − 39x + 25 150 A1,17 −107β + 7x + 151 594 A2,14 43β − 68x + 117 874
A0,20 −116β + 76x + 29 080 A1,21 208β − 108x + 124 784 A2,18 68β + 32x + 336 024
A0,24 84β − 59x + 7792 A1,25 −157β + 107x + 15 694 A2,22 −177β + 52x + 178 154
A0,28 −26β + 18x − 68 A1,29 44β − 34x + 992 A2,26 134β − 64x + 17 252
A0,32 2β − x + 17 A1,33 x − β − 18 A2,30 −35β + 20x − 130
As C1 ⊥ C3 and Ci ⊥ Ci , i = 1,3 (see Table 3), we have wt(v ∗ w) = 1 when v and
w are in the same coset Ci , and wt(v ∗ w) = 0 when v ∈ C1, w ∈ C3. It follows that
supp(B1) ∩ supp(B3) = ∅, where supp(Bi ) = ⋃v∈Bi supp(v) and supp(v) denotes the support
of v. Denote the effective length of Bi by ni , that is, ni = |supp(Bi )|, i = 1,3. Since B1 and
B3 can be considered as equidistant constant weight codes, mi  ni , i = 1,3, by Lemma 2.1. It
follows that
β = m1 + m3  n1 + n3  42. (7)
Again, by Lemma 2.1, mi = ni if and only if Bi forms a projective plane of order 4. Hence
β = 42 if and only if n1 = m1 = n3 = m3 = 21.
Lemma 2.4. For each of i = 1,3, mi = 0 implies
β  4
3
mi + 14. (8)
If m1m3 = 0, then β  17.
Proof. It suffices to show the case m1 = 0. Let w ∈ B1. It is easy to observe that
m1 =
∣∣{v ∈ C1 ∣∣wt(v) = 5, w · v = 1}∪ {w}∣∣
= ∣∣{u ∈ C ∣∣wt(u) = 8, wt(w ∗ u) = 4}∣∣+ 1
= A4,4 + 1
= A1,33 + 1
= x − β − 17
by Table 4. As A2,30 = −35β + 20x − 130 = 20m1 − 15β + 210  0, it follows that β 
4
3m1 + 14.
In the above argument, we have assumed without loss of generality m1 = 0. Since
m3 =
∣∣{v ∈ C3 ∣∣wt(v) = 5, wt(w ∗ v) = 0}∣∣
= ∣∣{u ∈ C ∣∣wt(u) = 10, wt(w ∗ u) = 5}∣∣
= A5,5
= A0,32
= 2β − x + 17
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0A1,29 = 44β − 34x + 992 = −24(β − 17) + 6.
Thus β  17. 
3. Proofs of Theorems A and B
Let C be an extremal self-dual [42,21,8] code with weight enumerator WC given by (1)
where β > 0. Recall that the set of all vectors in Ci of weight 5 is denoted by Bi , its cardinality
is denoted by mi , and the effective length of Bi is denoted by ni for i = 1,3.
Lemma 3.1. For each of i = 1,3, mi  7 implies dim〈x + y | x, y ∈ Bi〉 5.
Proof. Let v1, v2, . . . , v7 be seven vectors in Bi . It is easy to see that any set of four vectors in Bi
is linearly independent. Since a sum of odd numbers of vectors of odd weights is never zero, this
also implies that any set of five vectors in Bi is linearly independent. If 〈Bi〉 has dimension 5
then v6 ∈ 〈v1, . . . , v5〉 forces v6 = v1 + · · · + v5, since the sum of five or less numbers of vectors
is never zero. The same argument yields v7 = v1 + · · · + v5, hence v6 = v7, a contradiction.
Therefore dim〈Bi〉 6, and the result follows. 
Lemma 3.2. If n1  16 or n3  16 then β  22.
Proof. Suppose contrary that β > 22. Then by Lemma 2.4, m1  7. It can be checked directly
that there is a unique configuration of 6 equidistant vectors of weight 5 of length at most 15 with
distance 8, namely, the dual of the complete 2-(6,2,1) design. It then can be easily checked that
there is no seventh vector of weight 5 which is at distance 8 from each of these 6 vectors. Thus
we conclude n1 > 15.
Alternatively, m1  7 and n1  15 violate the linear programming bound (cf. [8, (3.22)]) on
{4}-cliques of the Johnson graph J (15,5).
So we may assume n1 = 16 and m1  7. By Lemma 3.1, dim〈x + y | x, y ∈ Bi〉 5. There is
a unique [16,5,8] code and there is no [16,6,8] code (cf. [2]). Thus the code 〈x + y | x, y ∈ B1〉
must be equivalent to the unique [16,5,8] code. This code contains the all-one vector, so there
is no vector of weight 5 in its dual code. This is a contradiction. 
For the remainder of this section, we assume β > 22. By Lemma 3.2, n1  17 and n3  17.
Without loss of generality, we may assume m1 m3 > 0, and that the support of B1 is the first
n1 coordinates. Then C has a generator matrix of the form (6). We define B and D to be the
codes generated by the matrices G11 and G22, respectively. Let E be any of B or D. Then E has
the following properties:
(i) E is a self-orthogonal [n, k,8] code with 17  n  25, max{n − 16,5}  k 
min{n − 12,9};
(ii) E is doubly even;
(iii) there is a coset x +E ⊂ E⊥, of minimum weight 5, such that |{v ∈ x +E | wt(v) = 5}| 7.
Indeed, it suffices to prove (i)–(iii) for E = B . Lemma 2.4 implies m1  7, hence by Lemma 3.1,
dimB  dim〈x + y | x, y ∈ B1〉  5. The inequality in (i) for k = dimB then follows from
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u is not orthogonal to any vector in the shadow C1 ∪ C3, in particular, not orthogonal to any
vector in B3. But u has disjoint support from the support of B3, so u is orthogonal to any vector
in B3, a contradiction. Thus B is doubly even, and similarly, D is doubly even as well. Finally,
to see (iii), observe that x +B ⊂ C1 for x ∈ B1. Moreover, for such x ∈ B1, we have {v ∈ x +B |
wt(v) = 5} = B1 since all vectors in B1 are pairwise equivalent modulo B . The inequality is
nothing but m1  7, which is a consequence of Lemma 2.4.
Moreover, for E = B , we have
(iv) |{v ∈ x + E | wt(v) = 5}| 12;
(v) |⋃v∈x+E,wt(v)=5 supp(v)| = n1.
Indeed, (iv) is obvious from our assumption β > 22 and m1  m3, while (v) follows from our
assumption that the support of B1 is the first n1 coordinates.
All codes E satisfying (i) are classified in [2]. Using this classification we found all codes E
having a coset x + E satisfying (i)–(iii). The results are given in Table 5, where the column
“m” gives the number |{v ∈ x + E | wt(v) = 5}|. For some parameters, the maximum weights
of E ∪ (x + E) are listed in the last column. In Table 5, n is assumed to be the effective length.
Thus, the code B has one of the parameters listed in Table 5, while the code D has one of the
Table 5
Codes E satisfying (i)–(iii)
n k m Remarks
17 5 7
18 6 8,9
19 6 7,8
19 7 12
20 6 7
20 7 7,8,9,10
20 8 16
21 6 7
21 7 7,8,9
21 8 8,9
21 8 12 Maximum weight < 21
21 8 13 Maximum weight 21
21 9 21
22 6 7
22 7 7,8,9
22 8 7,8,9,10,12
22 9 12,16
23 7 7,8,9
23 8 7,8,9,10,12
23 9 7,8,9,10,12,13,16
24 8 7,8,9,10,12
24 9 7,8,9,10,12
25 9 7,8,9,10,12,13,16
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further restricted by (iv) and (v). It turns out that the list of parameters (n, k,m) for which there
exists a code satisfying both (iv) and (v) is
(19,7,12), (20,8,16), (21,8,13), (21,8,12), (21,9,21).
We remark that the code having one of the parameters above is unique without the condition (v)
except for (21,8,12), in which case the code is also unique under the condition (v).
Lemma 3.3. If m1 = 21, then β = 42, and the code C is unique.
Proof. By Table 5, m1 = 21 implies that B is a [21,9,8] code. By Lemma 2.2, D is also a
[21,9,8] code, and hence m3 = 21, β = 42. It is known in [9] that there is a unique [21,9,8]
code. Let T denote the code generated by the direct sum of B and D, together with the all-one
vector. Then T has dimension 19, and C is one of the 15 self-dual codes containing T [12].
We have verified that six among the 15 codes have minimum weight 8 and they are pairwise
equivalent. 
Thus we assume m1 < 21, and Table 5 implies
m3 m1  16. (9)
Let k1 and k2 be the dimensions of B and D, respectively. Then
k2 = 21 + k1 − n1 (10)
by Lemma 2.2. Let n′2 be the effective length of D. Then (n′2, k2,m3) is one of the triples listed
in Table 5, and
n1 + n′2  42, (11)
m1 + m3 > 22. (12)
In fact, Table 6 gives all the possibilities for (n1, k1,m1, n′2, k2,m3) satisfying (9)–(12), where
# denotes the number of inequivalent codes with these parameters. We remark that there are
two inequivalent codes with parameters (n, k,m) = (21,8,12), only one of which satisfies the
condition (v).
Table 6
Parameters of the codes B and D
n1 k1 m1 # n′2 k2 m3 # Remarks
21 8 13 1 21 8 13 1 C26,1,C26,2
21 8 13 1 21 8 12 2 Ruled out
21 8 12 1 21 8 12 2 C24,1,C24,2
20 8 16 1 22 9 16 1 C32
20 8 16 1 22 9 12 1 C28
19 7 12 1 23 9 12 2 C24,1,C24,3
19 7 12 1 22 9 12 1 –
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there is a coset x + B with wt(x) = 21 and x ∈ C1. Since C contains the all-one vector, we
see that C3 contains the vector y whose support coincides with that of D. Let z ∈ B3. Then, as
wt(y + z) = 16, y ∈ z + D, but z + D has maximum weight smaller than that of y by Table 5.
This is a contradiction.
Hence, if β > 22 then β = 24,26,28 or 32. Therefore we proved that if there is an
extremal self-dual [42,21,8] code with weight enumerator WC given by (1) then β ∈
{0,1, . . . ,22,24,26,28,32,42}.
Conversely, for any of the above values β , an extremal self-dual [42,21,8] code with weight
enumerator WC given by (1) is known (cf. [11]). Therefore, we have completed the proof of
Theorem A.
Now, using all the possibilities for (n1, k1,m1, n′2, k2,m3) given in Table 6, we complete a
classification of extremal self-dual [42,21,8] codes for the cases β = 24,26,28,32. Our ap-
proach is similar to that in Lemma 3.3, but we illustrate this classification by showing the case
β = 32 in detail. From Table 6, only the following case
(
n1, k1,m1, n
′
2, k2,m3
)= (20,8,16,22,9,16)
can lead to codes with β = 32. Without loss of generality, we may assume that B is the unique
[20,8] code and D is the unique [22,9] code. Consider the 135 self-dual codes containing the
code of dimension 18 generated by the direct sum of B,D and the all-one vector. Among them,
48 self-dual codes are extremal and all of them have β = 32. Then we have verified that these
48 self-dual codes are pairwise equivalent. Similarly, the classification can be done for β =
24,26,28. Therefore, we have Theorem B.
Acknowledgments
The authors thank the anonymous referees for their helpful comments.
Appendix A
The generator matrix of C423 given in [2, p. 7] is incorrect. The correct one is⎛
⎜⎜⎜⎜⎜⎝
GE O
O D3
11111111111111111111 1111111111111111111111
11111000000000000000 0001000000000110000000
00000111111111100000 1100000000000000010001
00000111110000011111 0100001100000000000010
⎞
⎟⎟⎟⎟⎟⎠ ,
where GE is as given in [2, Section 2.1], D3 is as given after [2, Lemma 8]. This code is equiva-
lent to our code C28 in Table 1.
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